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Abstract.
We study backreaction in dust universes using exact equations which do not rely on
perturbation theory, concentrating on theoretical and observational constraints. In
particular, we discuss the recent suggestion (in hep-th/0503117) that superhorizon
perturbations could explain present-day accelerated expansion as a useful example
which can be ruled out. We note that a backreaction explanation of late-time
acceleration will have to involve spatial curvature and subhorizon perturbations.
PACS numbers: 04.40.Nr, 98.80.-k, 98.80.Jk
1. Introduction
The idea that averaging inhomogeneous and/or anisotropic spacetimes can lead to
behaviour different from the homogeneous and isotropic Friedmann-Robertson-Walker
models goes back to at least 1963 [1], and was highlighted as the ’fitting problem’ in
1983 [2]. Under the name backreaction, the effect of inhomogeneities larger than the
Hubble scale has been studied in general relativity [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] and in
quantized gravity [14], particularly during inflation in the hope that they would provide a
graceful exit. It has also been suggested that backreaction from inhomogeneities smaller
than the Hubble scale could explain the apparently observed accelerated expansion of
the universe today [15, 16], a modern version of the search for a backreaction solution to
the age problem in the 1990s [17, 18, 19]. For a useful general formulation of backreaction
issues, see [20, 21, 22, 23]. (For a more comprehensive list of backreaction references,
see [15, 24].)
Recently it has also been proposed that superhorizon perturbations could explain
the late-time acceleration [25, 26, 27, 28]. However, in [29] it was claimed that the effect
proposed in [28] amounts only to a renormalisation of the spatial curvature, and is thus
severely constrained by observations of the cosmological microwave background and can
at any rate never lead to acceleration. There has also been more technical criticism,
claiming that a proper accounting of all perturbative terms as well as more general
arguments show that the superhorizon modes do not lead to acceleration [30, 31].
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We take a viewpoint complementary to that of [30, 31] and study the metric
presented in [28] as a concrete example that can used to demonstrate general issues about
backreaction in a dust-dominated universe, relevant for both super- and subhorizon
perturbations. We will emphasise observational and theoretical constraints and discuss
the relation between backreaction and spatial curvature.
In section 2, we examine backreaction using the formalism of [20, 22]. We derive
exact bounds on the Hubble parameter and the deceleration parameter. We find that the
metric proposed in [28] is ruled out on theoretical grounds if it is valid arbitrarily far into
the future, and on observational grounds even if it is to be valid only up until today. If
the metric were correct, the effect would not reduce to spatial curvature, though there is
a direct link between spatial curvature and backreaction-driven acceleration. In section
3, we discuss general lessons for a backreaction explanation of late-time acceleration,
and note that it will have to involve subhorizon perturbations. We then summarise our
results and point out the caveats.
2. Constraints on backreaction
2.1. The set-up
The superhorizon backreaction proposal. In [28] it is assumed that the universe has a
homogeneous, isotropic and spatially flat background of dust, and some perturbations
denoted by Ψ(t,x) (but no cosmological constant). The perturbations are divided into
two sets of modes, those with wavelengths short and long compared to the Hubble scale,
Ψ(t,x) = Ψs(t,x)+Ψl(t). From the point of view of an observer seeing a single Hubble
patch, the spatial dependence of Ψl(t) is negligible (by definition). The metric in the
synchronous gauge is given by
ds2 = − dt2 + aFRW (t)2e−2Ψ(t,x)δijdxidxj
= − dt2 + aFRW (t)2e−2Ψs(t,x)−2Ψl(t)δijdxidxj
= − dt2 + (aFRW (t)e−Ψl(t))2 δijdxidxj
≡ − dt2 + a(t)2δijdxidxj , (1)
where t is the proper time measured by a comoving observer, aFRW (t) = (t/t0)
2/3 is the
FRW scale factor, the contribution of the short wavelength modes has been neglected,
and on the last line we have identified the full scale factor as a(t) (our notation is slightly
different from that of [28]). The perturbation is given by Ψl(t) = (aFRW (t)−1)Ψl0, where
the normalisation is aFRW (t0) = 1 and Ψl(t0) = 0 today. As a function of proper time,
the scale factor is then
a(t) = eΨl0
(
t
t0
)2/3
e−Ψl0(t/t0)
2/3
, (2)
where the normalisation is a(t0) = 1. The metric (1), (2) is claimed in [28] to be valid to
all orders in perturbation theory (a claim analysed in detail in [31]). The departure from
FRW behaviour is quantified by −Ψl0(t/t0)2/3. If Ψl0 < 0, backreaction increases the
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expansion rate and will eventually lead to acceleration. If |Ψl0| ∼ 1, the backreaction is
relevant already today. The Hubble parameter and the deceleration parameter are
H ≡ a˙
a
=
2
3t
(1−Ψl0(t/t0)2/3) ≡ 2
3t
(1 + x) (3)
q ≡ − 1
H2
a¨
a
=
1
2
1− 3x− 2x2
(1 + x)2
, (4)
where a dot indicates derivative with respect to the proper time t and we have denoted
x ≡ −Ψl0(t/t0)2/3. From now on, we assume that Ψl0 < 0, and thus x > 0.
The criticism regarding spatial curvature. In [29], it was argued that the effect discussed
in [28] amounts to a simple renormalisation of curvature. The argument is essentially
that one can define a new scale factor such that the metric looks like a FRW metric
with a curvature term.
This argumentation seems to be incorrect, since for acceleration the relevant issue is
the dependence of the scale factor on the proper time, regardless of what notation is used
for the scale factor (or proper time). The new scale factor defined in [29] (essentially (2)
expanded to first order in Ψl0) still contains a term proportional to t
4/3 and thus implies
acceleration. It is true that the metric involves spatial curvature, but the effect of the
perturbations does not reduce to spatial curvature. Nevertheless, the relation between
the metric given in (1), (2) and spatial curvature is interesting, and we will take a closer
look at it.
The exact average equations. We follow the formalism for analysing the relation
between backreaction and spatial curvature on very general grounds developed in [20]
for the dust case (and in [22] for a general ideal fluid). In the present case with only
dust, we assume that the vorticity is zero, but otherwise allow for general inhomogeneity
and anisotropy. (If vorticity is present, no family of hypersurfaces of constant proper
time exists [32, 33], and the formalism of [20, 22] is inapplicable. See also [34].) The
Einstein equation then gives the local equations
θ˙ +
1
3
θ2 = − κ
2
2
ρ− 2σ2 (5)
1
3
θ2 = κ2ρ− 1
2
R+ σ2 (6)
ρ˙+ θρ = 0 , (7)
where a dot still stands for derivative with respect to the proper time, θ(t,x) is the
expansion rate of the local volume element, κ2 = 8piGN is the gravitational coupling,
ρ(t,x) is the energy density, σ2(t,x) is the shear scalar and R(t,x) is the spatial
curvature. The energy density and the shear scalar are everywhere non-negative.
Averaging (5), (6) and (7) over a spatial domain (here taken to be the observable
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universe‡) with volume V (t), we obtain the equations for the average quantities
3
a¨
a
= − κ
2
2
〈ρ0〉
a3
+Q (8)
3
a˙2
a2
= κ2
〈ρ0〉
a3
− 1
2
〈R〉 − 1
2
Q , (9)
where a is the effective scale factor defined by a(t) ∝ V (t)1/3, ρ0 is the initial value
of the energy density and 〈A〉 means the spatial average of the quantity A over the
hypersurface of constant proper time t,
〈A〉 ≡
∫
d3x
√
(3)g A∫
d3x
√
(3)g
, (10)
where
√
(3)g is the volume element on the hypersurface of constant t. Note that
V (t) =
∫
d3x
√
(3)g, and θ = (
√
(3)g)−1∂t(
√
(3)g), so 〈θ〉 = 3a˙/a ≡ 3H . The backreaction
variable Q, defined as
Q ≡ 2
3
(〈θ2〉 − 〈θ〉2)− 2〈σ2〉 , (11)
is a qualitatively new term compared to the FRW equations, and embodies the effect of
inhomogeneity and anisotropy on the behaviour of the averages.
We emphasise that (8), (9) are exact equations for the averages. There is no need to
assume that any perturbations are small, or indeed to have any division into background
and perturbations. The equations are general for matter that is a pressureless ideal fluid
with zero vorticity.
Note that (8), (9) have the form of FRW equations with effective energy density
ρeff = ρ−Q/(2κ2) and effective pressure peff = −Q/(2κ2) [22], though the behaviour
of 〈R〉 and Q is different from the FRW case. As in the FRW model, the equations (8)
and (9) are not independent. The integrability condition is
∂t〈R〉+ 2 a˙
a
〈R〉 = −Q˙ − 6 a˙
a
Q , (12)
so for Q = 0, the equations reduce to the FRW case with 〈R〉 ∝ a−2. Likewise, for
〈R〉 = 0, backreaction is reduced to the term Q ∝ a−6.
The system (8), (9) (or either of them together with (12)) has two equations
for the three unknowns a, 〈R〉 and Q, so it is not closed. This means that different
inhomogeneous and/or anisotropic systems sharing the same initial averages can evolve
differently even as far as the averages are concerned, as could be expected. It also reflects
the fact that sources outside the domain being considered can influence the evolution
within the domain. (In the inflationary scenario this does not violate causality even
when the domain is the observable universe, since the causally connected region is much
larger.)
Given one of the unknowns a, 〈R〉 and Q, the other two are determined. In
particular, the scale factor (2) determines the spatial curvature (and the backreaction
‡ The spatial averaging in [28] is also over a single Hubble patch.
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variable Q) uniquely regardless of whether (2) originates from long or short wavelength
perturbations (or whether the inhomogeneity and/or anisotropy can even be discussed
in terms of wave modes). So, we can take the scale factor (2) and plug it into (8), (9)
to see what it implies for the spatial curvature (assuming the scale factor results from
backreaction, as presented in [28]). However, let us first discuss how it is possible to
have accelerated expansion without violating the strong energy condition, and obtain
theoretical bounds on the Hubble parameter and acceleration.
2.2. Theoretical constraints
General bounds on H and q. The Raychaudhuri equation (5) shows that the local
acceleration is non-positive at each point in spacetime, θ˙ + θ2/3 ≤ 0. This holds not
just for dust, but for any irrotational perfect fluid satisfying the strong energy condition
(but does not necessarily hold if vorticity is present). However, the averaged equation
(8) does not rule out the possibility that the acceleration a¨ related to the volume is
positive. The reason for the apparent discrepancy is that the growth of the volume
of the hypersurface of constant proper time compensates for the decrease in the local
expansion rate. Technically phrased, averaging and taking the time derivative do not
commute: ∂t〈θ〉 = 〈θ˙〉+ 〈θ2〉 − 〈θ〉2 ≥ 〈θ˙〉.
Though the acceleration is not limited to be negative, it is possible to derive
combined upper limits for the Hubble parameter and the deceleration parameter.
Integrating θ˙ + θ2/3 ≤ 0, we obtain the bound
θ(t,x)−1 − θ(ti,x)−1 ≥ 1
3
(t− ti) , (13)
which holds at each point in spacetime; ti is some initial time. This bound has been
derived in [35] (and again in [36], where it was applied to the expansion rate of the
universe). The inequality (13) is separately valid in domains where θ(t,x) > 0 and in
domains where θ(t,x) < 0; it is violated if θ(t,x) evolves through zero. Let’s take the
initial time to be the big bang time ti = 0 and assume that θ(ti,x) is positive. We
then have the upper bound θ(t,x) ≤ 3/t ≡ θmax(t). This upper bound is also trivially
satisfied in domains where θ(t,x) ≤ 0, but there is no limit on the absolute value of
θ(t,x), corresponding to the fact that the rate of collapse is not bounded from below.
Since the average of θ is at most its maximum value, we obtain an upper bound on the
Hubble parameter in terms of the age of the universe:
H =
1
3
〈θ〉 ≤ 1
3
θmax =
1
t
. (14)
The bound (14) implies that the acceleration a¨ cannot increase (or stay constant,
if it is positive) forever: it must asymptotically go to zero, become negative or oscillate
around zero or a negative value.
We can also put an upper bound on the acceleration as a function of time and the
Hubble parameter. The averaged Raychaudhuri equation (8) implies that
q = − 1
H2
a¨
a
≥ 2− 2
9
〈θ2〉
H2
≥ 2− 2
9
(θmax)
2
H2
= 2− 2 1
(Ht)2
. (15)
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In the second inequality we have assumed that 〈θ2〉 ≤ (θmax)2, which is not necessarily
true if θ is somewhere negative. This the case in regions of the universe which are
undergoing gravitational collapse. However, the expansion rate of the universe is
generally understood to measure expansion between regions which have collapsed, so
it is not clear whether the insides of such regions should be included in the averaging.
(According to the inequality θ˙ + θ2/3 ≤ 0, once a region starts collapsing, the collapse
rate can only increase. In order for the region to virialise and stabilise, vorticity or a
breakdown in the approximation of treating the matter as dust [37] is required, so in
the present calculation collapsing regions cannot be treated properly anyway.)
Bounds on the superhorizon proposal. The bounds (14) and (15) are valid for any
model where the matter is (irrotational) dust (with a caveat about the positivity of the
expansion rate for the latter bound). In particular, these bounds can be applied to the
metric presented in [28]. The scale factor (2) is a ∝ xex, where x = |Ψl0|(t/t0)2/3, so
a¨ will increase forever and the metric is ruled out. In more detail, with the expansion
rate and the deceleration parameter given by (3) and (4), the theoretical bounds (14)
and (15) reduce to x ≤ 1/2 and x ≤ (√265 − 11)/12 ≈ 0.44, respectively. Since
x = |Ψl0|(t/t0)2/3 grows without bound, these bounds will necessarily be violated at
some point: backreaction in a dust universe (without rotation) cannot produce the scale
factor (2), if it is taken to be valid arbitrarily far into the future. However, it could still
be that the metric is only valid as an approximation up until today, and the acceleration
would slow down in the future so as to respect the bounds (14), (15). Assuming the
scale factor (2) to be valid till today, we get the bound |Ψl0| ≤ (
√
265− 11)/12 ≈ 0.44.
Let us now look at observational constraints on the metric in light of the evolution given
by (8), (9) and compare to this theoretical bound.
2.3. Observational constraints
Evolution of the density parameters. We have noted that the local acceleration is
everywhere non-positive, while the acceleration related to the total volume may be
positive. This raises the question of which is the correct quantity to consider. The
answer depends on what observations one is comparing to. More generally, there are
several different measures of the expansion rate and acceleration. For example, number
counts (and thus the energy density of dust) depend on θ which gives the volume,
luminosity distances depend on different parameters [27, 30, 31], the rate of change in
the distance δl between neighbouring fluid lines δ˙l/δl is yet another observable given by
θ/3+σαβn
αnβ , with σαβ being the shear tensor and n
α the unit separation vector between
the fluid lines [33]. These measures coincide in the homogeneous and isotropic FRW case,
but in general they give different results for inhomogeneous and/or anisotropic models,
so one should be careful to consider the quantities that are actually being observed
(in the case of acceleration, luminosity distances of type Ia supernovae). Conversely,
agreement between different measures can be one way to constrain the possibility that
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backreaction is responsible for the apparently observed acceleration.
We will not discuss these issues further, but will simply assume, following [28],
that measures of the expansion rate and acceleration are related to the scale factor
and its derivatives in the same way as in FRW models. We will take the scale factor
a(t) ∝ V (t)1/3 to be given by (2), proposed to arise from backreaction in [28], and
study the observational implications. As noted earlier, we treat the metric of [28] as an
interesting example with which to look at backreaction. The predictions of any future
backreaction models for a(t) could be analysed in the same manner. Given the scale
factor (2), equations (8) and (9) yield the quantities 〈R〉 and Q as
〈R〉 = − 2
3t2
(
3− 3e−3x + 11x+ 6x2)
Q = 2
3t2
(
e−3x − 1 + 3x+ 2x2) , (16)
where, as before, x = |Ψl0|(t/t0)2/3. The spatial curvature is negative, 〈R〉 < 0, so the
universe is open.
The relative contributions of dust, spatial curvature and the backreaction variable
Q to the expansion rate can be discussed in analogy with the FRW case in terms of the
relative densities [20, 23]
Ωm ≡ κ
2〈ρ0〉a−3
3H2
=
e−3x
(1 + x)2
ΩR ≡ − 〈R〉
6H2
=
1
4
3− 3e−3x + 11x+ 6x2
(1 + x)2
ΩQ ≡ − Q
6H2
= −1
4
e−3x − 1 + 3x+ 2x2
(1 + x)2
, (17)
so that Ωm+ΩR+ΩQ = 1. As discussed in [20, 21, 23, 38], backreaction is not important
just because ΩQ can be large, but also because the presence of a new term changes the
behaviour of the spatial curvature from the FRW case, as shown by (12).
The density parameters are plotted in figure 1(a). At early times, until x ≈ 10−2,
the behaviour is the same as in the FRW case, with the matter density being dominant
(as is clear from the Hubble law (3)). At late times, the expansion accelerates, the
matter density becomes negligible, and the contributions of the spatial curvature and
the backreaction variable approach the limiting values ΩR = 3/2 and ΩQ = −1/2.
Asymptotically, the expansion is driven by the spatial curvature 〈R〉 = −9H2 and the
backreaction variable Q = 3H2. Note that the behaviour can differ significantly from
the FRW case even when the contribution of the backreaction variable ΩQ is numerically
small. For example, for x = 0.1, we have ΩQ ≈ −0.01, but the contribution of matter
has fallen to Ωm ≈ 0.61.
Comparing to observations. The Hubble parameter, spatial curvature and other
relevant quantities today are determined by the single free parameter |Ψl0| (along with
the age of the universe). We will constrain |Ψl0| by looking at the observed values of
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Figure 1. The behaviour of the components as a function of x = |Ψl0|(t/t0)2/3. (a):
The relative densities of matter, spatial curvature and the backreaction variable Q.
Red (solid) is Ωm, blue (dash-dot) is ΩR and green (dash) is ΩQ. (b): The spatial
curvature 〈R〉a2 relative to its asymptotic past value.
the Hubble parameter and the deceleration parameter today, combined with the age of
the universe. From (3) and (4), we have
H0 =
2
3t0
(1 + |Ψl0|) (18)
q0 =
1
2
1− 3|Ψl0| − 2|Ψl0|2
(1 + |Ψl0|)2 . (19)
Leaving aside the issue that observations might need to be reanalysed in the
context of a backreaction model (as mentioned above), as well as possible unaccounted
systematics in the determination of the Hubble parameter [39], we take H0 = h 100
km/s/Mpc = 72 ± 8 km/s/Mpc, giving h between 0.56 and 0.88 [40]. The expression
(18) can be written as 1 + |Ψl0| ≈ 2.0h× t0/(13 billion years). Putting the upper limit
on h together with the requirement that the universe is at most 15 billion years old gives
(disregarding correlation in the observational values of H0 and age) the limit |Ψl0| . 1.0.
On the other hand, the constraint q0 . −0.3 [41] applied to (19) gives |Ψl0| & 0.60. With
(18), this limit can be written as h & 0.80/(t0/13 billion years)§.
There is some tension between the age and acceleration constraints: having enough
acceleration requires a large |Ψl0|, which boosts H0, so t0 needs to be large to bring H0
down in line with the observations. This is related to the fact that the transition from
the FRW dust behaviour to acceleration is smoother than in ΛCDM: the scale factor
(2) corresponds to the behaviour of a FRW model with dust replaced by a fluid with
the equation of state −x/(1 + x), and two added fluids having the equations of state
−(1 + 3x)/(3 + 3x) and −(2 + 3x)/(3 + 3x). The tension is not significant, but we
§ This is with the ’gold’ set of SNIae. The ’gold+silver’ set gives q0 . −0.4 leading to |Ψl0| & 0.77
and h & 0.89/(t0/13 billion years). We adopt 0.60 as the upper limit in what follows; the conclusions
would be the same for |Ψl0| & 0.77. In [28] it was estimated that 1 & |Ψl0| & 0.25 gives an acceptable
fit to the SNIa data.
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have mentioned it to show what kind of an impact the age and acceleration constraints
have on backreaction ideas, in particular in relation to the sharpness of the transition
to acceleration. Obviously, this issue is the same as in models of dark energy. For a
more thorough analysis of sharp transition into acceleration in light of SNIa and other
cosmological data, see [42].
For |Ψl0| = 0.60 we have Ωm0 = 0.06, ΩR0 = 1.10 and ΩQ0 = −0.16. The universe is
dominated by curvature, with subdominant contributions from the backreaction variable
and matter. Leaving the small matter density aside, it might seem that the model
is straightforwardly ruled out by constraints on the spatial curvature from the CMB
in models with adiabatic perturbations (the constraints in the case with correlated
adiabatic and isocurvature perturbations are unknown).
However, when backreaction effects are important the spatial curvature behaves (at
least in a dust universe) quite differently from the FRW case. In figure 1(b) we have
plotted the quantity 〈R〉a2, which is constant in FRW models. The spatial curvature
rises faster than in the FRW case, so it will have less impact in the past. However, the
suppression factor is not large (about 0.32 for |Ψl0| = 0.60), and though the observations
would need to be reanalysed with the full inhomogeneous metric, it seems unlikely that
the spatial curvature would be compatible with the CMB data (at least with adiabatic
perturbations).
These observational constraints on the scale factor (2) are independent from the
theoretical constraints discussed earlier. In terms of h, the theoretical bounds (14), (15)
give
h× t0/(13 billion years) . 0.75 (20)
q0 & 2− 1.13
(h× t0/(13 billion years))2 . (21)
The limit h×t0/(13 billion years) & 0.80 that we obtained previously by comparing
the scale factor (2) to observations of q0 is in contradiction with (20). Applied to (21),
the limit on h implies q0 & 0.23, which is even more clearly inconsistent. So, the
observational lower limit |Ψl0| & 0.60 is strongly contradicted by the theoretical upper
bound |Ψl0| . 0.44. This means that backreaction cannot produce the scale factor (2),
even as an approximation valid only up until today. In physical terms, the slow onset of
acceleration in (2) means that to match the observations, the universe has to be far in
the regime where backreaction is important, which in turn makes the Hubble parameter
higher than irrotational inhomogeneity or anisotropy in dust can produce.
The bounds (20), (21) can be used together with observations to constrain
backreaction ideas in general. In practice, (21) gives the more stringent constraint:
the limit q0 . −0.3 gives h × t0/(13 billion years) . 0.70. This bound is below the
current observational central value: there is no contradiction at present, but future
observations may be able to show that the bound is violated. This would mean that a
backreaction explanation for the observed acceleration is ruled out (with caveats about
vorticity, positivity of the expansion rate and the interpretation of observations).
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3. Discussion
Lessons for backreaction. The analysis of the metric (1), (2) has allowed us to look at
general features of backreaction in a dust-dominated universe (some brought up already
in [20, 21, 38]) in a quantitative manner.
The backreaction variable Q contributes positively to the acceleration (8), but
negatively to the square of the Hubble parameter (9). If backreaction increases the
expansion rate, this can only be consistent if there is a compensating spatial curvature
so that |〈R〉| > Q and 〈R〉 < 0. Significant backreaction implies significant spatial
curvature. The fact that spatial curvature is integral to backreaction‖ does not mean
that backreaction as a source of late-time acceleration is ruled out, since the behaviour
of spatial curvature is different from the FRW case. The CMB data would need to
be analysed with the particular inhomogeneous metric leading to backreaction, not
just the averaged equations. (Note that since the spatial curvature is time-dependent,
perturbations cannot be expanded in terms of Fourier modes or the basis functions for
other spaces of constant curvature.) But it seems likely that in order for the spatial
curvature not to conflict with observations, it should decrease rapidly towards the past.
(Note that negative spatial curvature boosts the amplitudes of the low multipoles of
the CMB via the Integrated Sachs-Wolfe effect. In general, spatial curvature leads to a
stronger ISW effect than a cosmological constant with the same relative density, since
spatial curvature is important for a longer period of time, so a transition that is more
rapid than in the ΛCDM model could yield a smaller ISW effect.)
In other words, in order for a backreaction explanation to be viable, the transition
from standard FRW behaviour to acceleration would need to be sharper than in the
scale factor (2). This is also suggested by the tension between the observational age and
acceleration constraints. A sharp transition would sit well with the idea of backreaction
from small wavelength modes related to structure formation: the expansion rate would
be the FRW one until structure formation becomes important, and then change rapidly.
(Backreaction from structure formation would also present a solution to the coincidence
problem, unlike backreaction from superhorizon modes.)
Note that according to (8) and (11) accelerated expansion requires a variance of
the expansion rate of order unity¶. Though we have simply assumed that superhorizon
modes lead to the scale factor (2), it in fact implies significant subhorizon perturbations
(if it arises from backreaction). This shows that, observational constraints aside,
superhorizon perturbations alone cannot lead to late-time acceleration.
The relation between variance and backreaction is in agreement with the suggestion
made in [15] (and borne out in [43] for the Lemaˆıtre-Tolman-Bondi model) that the Weyl
tensor could provide a measure of backreaction. On the other hand, large backreaction
from highly isotropic long-wavelength modes as in [28] (which presumably do not
‖ At least with dust: the case with non-zero pressure is more complicated [22].
¶ Note that this is the variance within a single Hubble patch, not between different Hubble patches as
in [25, 26, 27, 28].
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contribute much to the Weyl tensor) would contradict this idea.
Let us also note that the isotropy of the CMB would naively seem to rule out
variations larger than 10−5 in the expansion rate in different directions+, and it seems
unclear how this could be reconciled with the large variance needed for backreaction
to produce acceleration. However, the link between geometric inhomogeneity and/or
anisotropy and the isotropy of the CMB is not straightforward, and it is not clear that
such a large variance is ruled out either. For example, it is possible for a spacetime to
be very anisotropic even though the CMB looks almost isotropic [44]. See [34, 45] for a
careful analysis of the limits the isotropy of the CMB places on the spatial variation of
the expansion rate and related quantities, and [46] for further discussion and counter-
examples∗. For another point of view, note that the difference in the expansion rate
between expanding regions and regions which have broken away from the expansion and
collapsed is indeed of order one, without contradicting the isotropy of the CMB.
A possible way of avoiding the large variance would be that backreaction does
not lead to acceleration as measured by the volume expansion θ, but does give real or
apparent acceleration according to other measures, for example the luminosity distance
(along the lines of [27]). In fact, it has been claimed that cluster counts (which depend
on θ more directly than SNIa luminosity distances) are consistent with deceleration and
inconsistent with acceleration [47].
Conclusion. We have looked at constraints on backreaction-driven acceleration in a
dust-dominated universe, applying the exact formalism for backreaction developed in
[20]. In particular, we have analysed the model for late-time acceleration presented in
[28] as a useful example, with emphasis on theoretical and observational constraints as
well as spatial curvature, which was claimed in [29] to explain away the effect.
We have derived exact bounds for the expansion rate and acceleration, valid for any
models where the matter is irrotational dust. In particular, acceleration cannot increase
forever. This rules out the metric proposed in [28] on theoretical grounds, if it is to be
valid arbitrarily far into the future. We also have also shown that, when supplemented
with observational bounds on the Hubble parameter or the deceleration parameter, the
theoretical bounds rule out the metric proposed in [28] even as an approximation valid
only up until today.
If the scale factor in [28] were correct, we find that the backreaction would not
reduce to spatial curvature, and the universe would accelerate. However, growth of
spatial curvature is an integral part of backreaction leading to acceleration, and the slow
transition into acceleration in [28] implies that curvature is important for a long period,
which is probably not compatible with the CMB data. The same conclusion applies
to any model aiming to explain late-time acceleration with backreaction, whether from
superhorizon modes or inhomogeneities related to structure formation. This suggests
that for backreaction to be a possible explanation, the transition from standard FRW
+ I am grateful to David Lyth for this point.
∗ Note that one of the key assumptions of [34] is that θ > 0 everywhere.
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behaviour to acceleration should be rapid. Acceleration from backreaction also implies
that the variance of the expansion rate within the observable universe is large, showing
that superhorizon perturbations alone cannot be responsible (which is the case in [28]).
The analysis does not depend on any assumptions regarding the amplitude and
wavelength of the inhomogeneities and/or anisotropies. However, it is assumed that
the cosmic fluid is completely pressureless, ideal (for example, has no viscosity) and
irrotational. Possibilities for avoiding the growth of spatial curvature thus include the
presence of vorticity (as mentioned in [31]), or a breakdown in the approximation of
treating the cosmic matter as a pressureless ideal fluid, as conjectured in [48] (see also
[37]). Another possibility is that instead of giving acceleration, backreaction would
change the interpretation of observations so that they are consistent with decelerating
expansion.
The above arguments do not apply to backreaction during inflation in the early
universe driven by the cosmological constant or a scalar field. However, a single scalar
field can be described in terms of an ideal fluid, and it would be interesting to extend
the analysis to backreaction in single field inflation, as suggested in [22].
Finally, let us note that even though the proposal in [28] of backreaction from
superhorizon modes is not correct, it provides a useful example of a backreaction
model which it is possible to analytically discuss. It is more difficult to calculate the
backreaction of small wavelength modes, but it would be helpful to find some, perhaps
simplified, model to concretely demonstrate the general issues discussed here in the
context of subhorizon perturbations.
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